FORMAL COMPLETION OF A CATEGORY ALONG A 

SUBCATEGORY 



ALEXANDER I. EFIMOV 

Abstract. Following an idea of Kontsevich, we introduce and study the notion of formal 
completion of a compactly generated (by a set of objects) enhanced triangulated category 
along a full thick essentially small triangulated subcategory. 

In particular, we prove (answering a question of Kontsevich) that using categorical 
formal completion, one can obtain ordinary formal completions of Noetherian schemes 
along closed subschemes. Moreover, we show that Beilinson-Parshin adeles can be also 
obtained using categorical formal completion. 
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1. Introduction 

In this paper we introduce and study the notion of formal completion of a (compactly gen- 
erated) triangulated category along a (full thick essentially small) triangulated subcategory. 
The original idea belongs to M. Kontsevich |KoH IKo2] . 

Our construction requires DG enhancement [BK] and is built on the notion of derived 
double centralizer. We illustrate it as follows. 

The author was partially supported by the Moebius Contest Foundation for Young Scientists, and RFBR 
(grant 4713.2010.1). 
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Let ^ be a DG algebra, and M G D{A) be some object in the derived category of right 
^-modules. Put Bm '■= REnd^(M), and consider the DG algebra 

(1.1) Ia/ := REndgop(M)°P, 

the derived double centralizer of M. We have natural morphism A — )• Am- 

It turns out that (quasi-isomorphism class of) Am depends only on the subcategory 
T C D{A), classically generated by M (this is special case of Proposition 13.21 2)). We 
define 

(1.2) At ■-= Am 

to be derived double centralizer of T- Further, derived category D{At) depends (up 
to equivalence) only on the (enhanced) triangulated category D{A) and the full thick 
triangulated subcategory T C D{A) (this is special case of Proposition 13. 4p . We define 

(1.3) D{A)r ■■= D{Ar) 

to be the formal completion of D(A) along T- 

In Section[3]we define, more generally, the notion of formal completion Vj- of a compactly 
generated enhanced triangulated category V along full thick essentially small triangulated 
subcategory T <Z T). This formal completion comes equipped with "restriction functor" 
K* :V ^ Vr- 

One of the main results of this paper is the following theorem (see Theorem 15. 4p . which 
relates our construction with ordinary formal completions of Noetherian schemes. For a 
separated Noetherian scheme X, we denote by D{X) := L'(QCohX) the derived category 
of quasi-coherent sheaves on X. 

Theorem 1.1. Let X be a separated Noetherian scheme, and Y <Z X a closed subscheme. 
Then we have the following commutative diagram: 



D{X) D{X) 



(1.4) 



^^^)dI^^y(X) ^ DalgiXy) 



Here DaigiXy) is algebraizable derived category of Xy (it is defined in Subsection [52]). 
We have the following Corollaries (see Corollaries 15.61 and 15. 7p . 

Corollary 1.2. Let R be a regular commutative Noetherian k -algebra, and M G 
Df^g^R) — -D^o/j(Spec R) be a complex of R -modules with finitely generated cohomology. 
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Denote by I C R the annihilator of H'{M), so that ^(1//) C Spec R is precisely the 
support of H'{M). Then we have an isomorphism 

(1.5) Rm = Ri, 
where the RHS is the ordinary I -adic completion. 

Corollary 1.3. Let R be commutative Noetherian k -algebra, and I C R an ideal. Assume 
that either R or R/I is regular. Then we have an isomorphism 

(1.6) Ri^R/i) ^ Ri, 
where the RHS is ordinary I -adic completion. 

Moreover, Proposition 15.81 below shows that Corollary 11.31 fails to hold if we drop the 
regularity assumption. 

We also relate our construction to Beilinson-Parshin adeles \Be\ [P] (see Section [6] for 
definitions and notation). 

Theorem 1.4. Let X be a separated Noetherian k -scheme of dimension d. Fix some 
sequence d > kQ > ■ ■ ■ > kp > 0. If p = 0, then we have a commutative diagram, 

D{X) D{X) 

(1.7) A(X,-)(,^) 

Z)(A(X)(fc„)) {D{X)/D^^^^_^){X)) 
For p > 0, there is a natural commutative diagram 



coh,< kQ 



D(A(X)(fc^,...,,^)) 15(A(X)(,^,...,fc^)) 

(1.8) 

D{A{X)^,^_kp)) {D{A{X)^k,,...,kp))/D<^ko-i]iX))^, 

coh,<kQ 

The paper is organized as follows. 

In Section [2] we recall some preliminaries on DG categories. 

Section [3] is devoted to the definition of categorical formal completion (and in particular 
derived double centralizers) and all necessary checkings which show that it is well-defined. 

In Section [J] we investigate various properties of formal completions. In particular, we 
show (Theorem 14. ip that under some natural assumptions on T C T>, the restriction of the 
functor K* : D — 7- T>j- to the subcategory T is full and faithful. Moreover, under the same 
assumptions the functor 

(1.9) Vr Vrr 
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is an equivalence. 

Section [5] is devoted to Theorem 11.11 (Theorem 15. 4p . In Subsection 15.11 we prove useful 
technical result, Lemma 15.21 which relates double centralizers with homotopy limits of DG 
algebras. In Subsection 15 . 21 we define algebraizable derived categories of formal completions 
of Noetherian schemes. Then we apply Lemma 15.21 to prove Theorem 15.41 

Section [6] is devoted to interpretation of Beilinson-Parshin adeles in terms of categorical 
formal completions and Drinfeld quotients (Theorem 16. ip . Here our main technical tool is 
also Lemma |5.2[ 

2. Preliminaries 

Fix some base commutative ring k. All DG categories under consideration will be over k. 
All DG modules which we consider will be right DG modules. In particular, for A £ dgcat^, 
we denote by D{A) the derived category of right DG ^-modules. Also, denote by ^-mod 
the DG category of right ^-modules. 

Definition 2.1. Let A be a DG category. A DG module M G A-mod is called h- 
projective (resp. h-injective) if for any acyclic DG module N G A-mod the complex 
Hom_4(M, A^) (resp. IIom_4(A^, M) ) is acyclic. We denote by h-proj{A) C A-mod (resp. 
h-inj{A) C A-mod ) the full DG subcategory which consists of h-projective (resp. h-injective) 
DG modules. 

We also call M £ A-mod h-flat if for any acyclic N G A°^-mod the complex M ®j\^N 
of k -modules is also acyclic. 

It is easy to see that all h-projective DG modules are also h-flat. 

Denote by dgcatj, the category of small DG -linear categories. It has natural model 
category structure [T], with weak equivalences being quasi-equivalences. All DG categories 
are fibrant in this model structure. 

We call DG category A G dgcat^ h-flat (over k ) if all complexes Hom_4(X, y), X^Y £ 
Ob{A)., are h-flat fc -modules. We define h-projective (over k) DG categories in the same 
way. All cofibrant DG categories are h-projective, hence h-flat. In particular, each DG 
category is quasi-equivalent to an h-flat one. 

Definition 2.2. Let A G dgcat^ be an h-flat DG category. We say that A is smooth (over 
k) if Ia^ Peii{A°P (E) A), where 

(2.1) Ia G D{A"p A), Ia{X, Y) = Hom^(y, X). 

An arbitrary DG category A G dgcatji, is said to be smooth if it is quasi- equivalent to smooth 
h-flat DG category. 
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There is an alternative nice well-known definition of smooth DG categories. 

Proposition 2.3. Let A € dgcat^ be a DG category. Then the following are equivalent: 
(i) A is smooth; 

(a) For any h-flat B G dgcat^, and any object M G D{A<^B) such that M{X,—) G 
Perf(i3) for all X G Ob{A), we have that M G Perf(^ (g) B). 

Proof. This is straightforward. □ 

Corollary 2.4. // ^1,^2 G dgcat;. are Morita equivalent and Ai is smooth, then so is 
A2. 

Proof. This follows directly from 12.31 □ 

Lemma 2.5. Let A G dgcat^ be a smooth DG category. Then it is Morita equivalent to 
some (smooth) DG algebra. 

Proof. It suffices to show that the category D{A) is compactly generated by one object. We 
may and will assume that A is h-flat. By definition, there exists a finite collection of objects 
Xi (g) Yi, . . . , X„ (g) y„ G A°P (g) A, which generate the diagonal bimodule X_a G D{A"^ (g A). 
It follows that each object M G D{A) is generated by M{Xi) (g 1^, 1 < i < n. Therefore, 

n 

G Perf(^) is a compact generator of D{A). □ 

Definition 2.6. Let A G dgcat^, be a DG category. We say that A is proper (over k ) if 
for any two objects X,Y £ Ob{A), the complex Hom_4(X, y) is a perfect k -module. 

We have an analogue of Proposition 12.31 

Proposition 2.7. Let A G dgcat^ be a DG category. Then the following are equivalent: 
(i) A is proper; 

(a) For any h-flat B G dgcat;., and any object M G Perf(^(gi3) we have that M{X, — ) G 
Perf(i3) for all X G Ob{A). 

Proof. Evident. □ 

Finally, we recall the DG enhancement for the quotient of enhanced triangulated cat- 
egories. Namely, let P be a compactly generated enhanced triangulated category, and 
T>' C T> its localizing subcategory, and assume that T>' is compactly generated by T>' r]T>^. 
According to |Ke21 iDr] , the quotient category V/V is also enhanced (and compactly gen- 
erated by the images of compact objects in P ). 

Similarly, if T> is essentially small enhanced triangulated category, and D' C P a trian- 
gulated subcategory, then the quotient V /V is naturally enhanced. 
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3. Definition of categorical formal completion 
Fix a base graded commutative ring k. 

Let ^ be a small DG category. We may and will replace it by h-projective quasi- 
equivalent one. All tensor products below are assumed to be over k unless otherwise 
stated. It is well known that the category D{A) is compactly generated by the set of 
objects Ob{A), and we have that 

(3.1) D{AT = Perf(^), 
see |Kel] . 

Now let S C D{A) be a full small subcategory (not necessarily triangulated). Choosing 
an h-projective (resp. h-injective) resolution X of each object X G S, we obtain a DG 
category Bs with 

(3.2) Ob{Bs) = Ob{S), Hom^s (X, Y) := Hom^(X, Y). 

Lemma 3.1. The DG category Bs is well-defined up to a quasi- equivalence. 

Proof. Let 81,82 C ^-mod be two full DG subcategories, such that for i = 1,2 we have 
either 8i C h-proj(^) or 8i C h-inj(^). Moreover, let ^ : Ob{8i) — )• Ob{82) be a bijection 
such that for each X € Ob{8i) the object ^{X) is quasi-isomorphic to X. 

We may and will assume that either 81 C h-proj(^), or 82 C h-inj(^). Then we may 
and will choose quasi-isomorphisms 

(3.3) ax -.X ^ ^(X), X G 81. 

Let S be a DG category, defined as follows. First, Ob{8) = Ob{8i). Further, define 

(3.4) Homjr(X,y) C Hom^(Cone(ax),Cone(ay)) 

to be the subcomplex which consists of morphisms mapping '^{X) to ^{Y). Clearly, 8 is 
a well-defined DG category. Further, we have obvious projection DG functors 

(3.5) TTi : 5 — )• 81, : S" — )• 'S'2- 

We claim that both vri and tt2 are quasi-equi valences. Indeed, by our assumption, for any 
objects X £ 81, y G S'2 we have that the complexes 

(3.6) Hom^(X, Cone(ay)), Hom^(Cone(ax), y) 
are acyclic. Therefore, the maps 

(3.7) TTi : Homg(X,y) ^ Homs, (vr,(X), 7r,(y)) 

are surjective with acyclic kernels, hence quasi-isomorphisms. 

Lemma is proved. □ 
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We may consider S as an object of D{A'S' S'^'). Namely, we put 

(3.8) S{U0X) = X{U), UeOb{A), X e Ob{Bs) = Ob{S). 

Take some object Q G {A B'g')-mod, with an isomorphism Q = S in D{A ® B°g), 
such that all DG B'g' -modules 

(3.9) Q{U, -) £ Bf-mod, U e A, 

are h-projective (resp. h-injective). For instance, we can take Q to be h-projective (resp. 
h-injective) itself. Further, define DG category As as follows: 

(3.10) Ob{As):=Ob{A), Hom^^(X,y) :=Homeop(Q(y,-),Q(X,-)). 

Proposition 3.2. 1) The DG category As is well defined up to a natural isomorphism in 
Ho(dgcatfc). 

2) Moreover, if two subcategories 81,82 C DiA) split- generate each other, then we have 
a natural isomorphism 

(3.11) Asi = As2 in Ho(dgcatfc). 

Proof. Statement 1) almost follows from Lemma [STTl Indeed, let Q1.Q2 G {A0B'^)-mod 
be objects which are both quasi-isomorphic to 8, Qi is h-projective, and Q2 satisfies the 
assumptions for Q above. Then we have a natural (up to homotopy) quasi-isomorphism 
a : Qi ^ Q2, and we can repeat the proof of Lemma l3.ll 

Now we prove 2). Let Qi £ {A(d)Bg^)-mod be h-projective resolutions of 8i for i = 1,2. 
Further, define the bimodule M £ D{Bsi ^"s-z^ formula 

(3.12) M(C/®y) :=Hom^op(Qi (-,[/), Q2(-,^)), U^Bs^V^Bs,. 

Since 5*1 and 82 split-generate each other, we have that the bimodule M induces an 
equivalence 

(3.13) -®Bs,M:D{Bf;)^D{Bl). 
Further, we have natural evaluation morphism 

(3.14) Qi ®Bs, M = Qi M ^ Q2 in DiB'g). 

We claim that this is an isomorphism. Before we prove this, we note that this would finish 
the proof of part 2) of Proposition. 

Now, note that for each N £ D{A), we have evaluation morphism 

L 

(3.15) evN ■■ Qi '^Bs, RHom^cp(Qi,iV) = Qi 0^^^ Hom^op(Qi, iV) ^ iV in D{A). 
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Note that efjy is an isomorphism for N & Si. But Si spht-generates 5*2 . Therefore, 
evjy is an isomorphism for each object of Hence, the map p.l4p is an isomorphism. 
Proposition is proved. □ 

Note that we have a natural DG functor 65 : ^ — )• As, which is identity on objects. It 
is easily seen from the proof of Proposition 13.21 2) that in the situation of Proposition 
2), we have a commutative diagram in Ho(dgcat) : 

A — ^ As, 

(3.16) id! 

A As2- 

Therefore, for any full thick essentially small triangulated subcategory T C D{A) we 
have a naturally defined (up to quasi-equivalence) DG category A-]-, together with a mor- 
phism lt '■ A ^ Af- More precisely, one can choose any small subcategory S C T, which 
generates T, and put 

(3.17) At := As, iT ■■= is- 

Definition 3.3. For any small DG category A E dgcatj^., and any full thick essentially 
small subcategory T C D{A), we call the DG category At "derived double centralizer of 
T". 

Next Proposition shows that the introduced notion of formal completion is Morita in- 
variant. 

Proposition 3.4. Suppose that DG categories Ai and A2 are Morita equivalent. Let 
Ti C D{Ai), T2 C D{A2) be full thick essentially small triangulated subcategories, which 
correspond to each other under the equivalence D{Ai) = D{A2). Then the DG categories 
AiT o,nd A2T2 ^'i'^ ^^^^ Morita equivalent, and we have commutative diagram 



(3.18) 



D{Ai) D{Ait) 



D{A2) D{A2t). 



Proof. We may and will assume that Ai G dgcat^ are h-projective DG categories. Let 
M G D{Ai'' <^ A2) be a bimodule which defines an equivalence 

(3.19) - 1^, M : D{Ai) ^ D{A2). 

Then the category D{A2) is compactly generated by the set of objects {M{U, — ) G 
D{A2), U G Ai}. Thus, we may assume that ^1 C h-proj(^2); and the quasi- inverse 
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to ()3.19p is given by the formula 

(3.20) F : D{A2) ^ D{Ai), F{X){U) = Uom^op{U, X). 



Now choose any small subcategory S'2 C Ti, which split-generates Ti, and choose h- 
projective resolution X — t- X of each object X £ S2- This choice defines the DG category 
Bs2, and the bimodule 5*2 € D{A2 <S5 ■S^j)' ^^w, a choice of an h-projective resolution 
Q2 — >• 5*2 in (^2 iK> i3g^)-mod defines the DG category ^252 — -^2T2- Now, define the 
bimodule 5*1 G D{Ai (8) B'g'^) by the formula 

(3.21) Si(?7,X) :=Hom^2(f/,X), UGAi,XeS2. 

Choose an h-projective resolution Qi — )■ Si. It defines the DG category ^15^ = Aiji- 
Define the DG bimodule M G D{Ais^ -^282) by the formula 

(3.22) iQ^(C/,y) = Homeop(Qi([/,-),Q2(V^,-)), U e AiZ,V e A2s,. 

Since Ai and A2 split-generate each other in D{A2), we have that the functor (j3.22p is 
an equivalence. It is straightforward to show that the following diagram commutes up to a 
natural isomorphism 



D{Ai) ^ D{Ais,: 



(3.23) 



L 



M 



DiA2) DiA2S2) 



□ 

Now we introduce the main notion of the paper. 

Definition 3.5. Let T> be an enhanced triangulated category with infinite direct sums, which 
is compactly generated by a set of objects. Let T d T) be an essentially small full thick 
triangulated subcategory. We define the formal completion Vj- of D along T, together 
with a restriction functor k,* : D ^ as follows. Choosing a set of compact generators 
in D, we may replace D by D{A) for some small DG category A. Then put 

(3.24) 'Dr:=D{Ar), k* := Li*^ : V = D{A) ^ D{Ar) = Vr- 

Theorem 3.6. In the notation of Definition 1 3. 5l the category Dj- is well-defined up to an 
equivalence, compatible with the functor k* : P — )• D-j-. 

The category T>j- is enhanced, admits infinite direct sums, and is compactly generated by 
a set of objects. The functor k* commutes with infinite direct sums and preserves compact 
objects. If S C ObiV) is a set of compact generators, then k*{S) is a set of compact 
generators in Vf. 
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Proof. The first statement follows from Proposition 13.4^ since different sets of compact 
generators yield Morita equivalent DG categories. 

The other statements follow directly from definition. □ 

It is convenient to introduce one more definition. 

Definition 3.7. Let D be an essentially small Karouhian complete enhanced triangulated 
category, and T CD be a full thick triangulated subcategory. Define the formal completion 
Dj- of D along T, together with a restriction functor k* :D ^ D-j-, as follows. Choosing 
a set of generators in D, we may replace D by Perf (^) for some small DG category A. 
Then put 

(3.25) Dr ■■= Perf(^r), := Lif : P = Perf(^) ^ Perf(^r) = ^T- 

Remark 3.8. If D is a compactly generated triangulated category and T C D^ is an 
essentially small full thick subcategory, then we have 

(3.26) {DrT = D^r- 

4. Properties of categorical formal completion 

In this section we study various properties of formal completions of categories along 
subcategories. 

All categories are supposed to be enhanced. Further, by a "compactly generated tri- 
angulated category" we mean a "triangulated category with infinite direct sums, which is 
compactly generated by a set of objects" . 

Theorem 4.1. Let D be a compactly generated triangulated category, T C D a full thick 
essentially small triangulated subcategory. Assume that T is contained in the smallest 
localizing subcategory of D containing T H D^. Then 

(i) The restriction of the functor k* : 2? — t- Dj- on the subcategory T is full and faithful 
(below we identify T with its image under the functor k* ). 

(a) The functor k* : Dj- — t- DfT ^-^ equivalence. 

(Hi) Let T' C T be a full thick triangulated subcategory. Then there is a natural equiva- 
lence Dq-i = D-Jfi 

Proof. We may and will assume that D = D{A) for some small h-flat DG category A, 
and the subcategory T CiD"^ C D is split-generated by the full DG subcategory A' C A. 
Let B C h-proj(^) be a small DG subcategory, which split-generates 7". We may and will 
assume that A' C B. We have the DG bimodule M G D{A B"p), 

(4.1) M{U,V) = RomA{U,V), U e A,V e B. 
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Choose an h-projective resolution Q — )• M. It gives the DG model for A-j : 

(4.2) Ob{Ar) = Ob{A), Bom^^{X,Y) = HomBop(Q(y, -), Q(X, -)). 
For X £ A, X' €z A', we have the following isomorphisms in D(k) : 

(4.3) Rom^^{X,X') ^ RomBor,{Q{X' , -),Q{X, -)) ^ 

RouiBop (Horns {X',-), Rom a{X,-)) ^ Hom^(X, X'). 



Isomorphisms (j4.3p imply in particular that the functor k* is full and faithful on TClV^. 
Moreover, since k* preserves compact objects, it is also full and faithful on the smallest 
localizing subcategory containing TCiD^. In particular, by our assumption, it is full and 
faithful on T. This proves (i). 

Further, ()4.3p also implies that the maps 

(4.4) RHom2,(X,y) ^ KRoin^^{K* {X), k* {¥)) 

are isomorphisms (in D{k) ) for X G D*^, Y € TO'D'^. Since X and k*{X) are compact, 
the maps (14. 4p are also isomorphisms for Y in the smallest localizing subcategory containing 
TOD^, and in particular for Y £ T- This easily implies both (ii) and (iii). Theorem is 
proved. □ 

Proposition 4.2. Let A be a small DG category, and let {Tp C D[A)} p(z^ be a (small) 
collection of mutually orthogonal full thick essentially small triangulated subcategories. De- 
note by T d D{A) the full thick triangulated subcategory classically generated by all T^3. 
Then there is a natural isomorphism in Ho(dgcat^) : 

(4.5) At =11 At,. 

Proof. This can be easily seen if we choose generating subset S C Ob(T) to be the disjoint 
union of generating subsets Sjs C Ob(Ti3). □ 

Proposition 4.3. Let T be an essentially small Karoubian complete triangulated cate- 
gory, and suppose that we have a semi-orthogonal decomposition T = {81,82), so that 
Hom7-(S'2, ^i) = 0. Then we have natural equivalence Tsi = 5*1, and the corresponding 
functor K* : T — 7- 5*1 = Tsi is the semi- orthogonal projection. 

Proof. By Lemma 12.51 we may (and will) assume that T = Perf(^) for some small DG 
category A, and 8i C T is generated by DG subcategory 

We may assume that Ob{A) = Ob{Ai) U Ob{A2). Further, we may assume that 
Homy^(X, y) = for X £ A2, Y £ Ai- With these assumptions. Proposition follows 
directly from definitions. □ 
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Proposition 4.4. 1) Let T he some smooth and proper pre-triangulated DG category, 
and S C Ho(T) a full thick triangulated subcategory. Then we have a natural equivalence 

2) If we drop the assumption of either properness or smoothness, then Proposition fails 
to hold. 

Proof. 1) We may assume that T = Perf(.4) for smooth and proper DG algebra A. Then 
we have that Perf(^) = Dfin{A), where Dfin{A) C D{A) is the subcategory of DG 
modules which are perfect as k -modules. Therefore, we have an equivalence 

(4.6) (-)* : ^eii{AfP ^ Perf(A°f ), M ^ M* = RHomfc(M, k). 
Denote by S* the image of S under this equivalence. Then, it is easy to see that 

(4.7) {AsV = ^s*- 

This proves part 1) of Proposition. 

2) To prove part 2), we first give an example when T is proper but not smooth, and 
Proposition does not hold. Define the DG category A as follows. Put Ob{A) := {Xi,X2}, 
and 

(4.8) Hom(Xi,Xi) = /c[e]/(e2), deg(e) = 1, Hom(Xi, X2) = A:[0], 

Hom(X2, Xi) = 0, Hom(X2, X2) = k. 

The differential is identically zero and the composition is the only possible one. Put T = 
Perf(^), and take 5 C T to be subcategory generated by Xi. Then it is straightforward 
to check that 

(4.9) fs = Perf(fc[e]/(e2)), 7^5- = Perf(A:[M]). 

Hence, there is no equivalence between {TsT^ and T°Ps°p- 

Now we give an example when T is smooth (and even homotopically finitely presented) 
but not proper, and Proposition does not hold. 

Take the DG category B with two objects 11,12, which is a free A; -linear category 
concentrated in degree zero with generators S22 : I2 — > I2, si2 : li — > l2- Put T = 
Perf(B). Take S cT to be subcategory generated by Yi. Then we have that 

(4.10) f5 = Perf(fe), f^Psop^Fed{M^{k)), 

where M^o (k) is the endomorphism algebra of free countably generated k -module. Hence, 
there is no equivalence between {Ts)°^ and T°Ps°p- 

Proposition is proved. □ 
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5. Relation to formal completions of Noetherian schemes 

Before we formnulatc and prove main result of this section, we would like to proof a 
general result which relates double centralizers and homotopy limits of DG algebras. 

5.1. Double centralizers and homotopy limits. Let / be a small category. Denote by 
dgalg(, the category of functors / — > dgalgj^. . Take some {Ai}i^i G dgalg^ . 
Then there exists a homotopy limit 

(5.1) A = 'ho\imjAi. 
We would like to write it in explicit form. 

Definition 5.1. For a morphism s : x ^ y in the category I, we put r{s) := y, l{s) = x. 
We denote by Mor(/) the set of non-identical morphisms in I. 

We put 

(5.2) A^= 

si,...,SpeMor(/),p>0, ^e-f 

l(si+i)=r(si) 

For a £ A, we denote by asp^...^si £ Ar(sp)j O'x £ Ax the corresponding components. It is 
convenient to consider components ax to be corresponding to empty paths in I, with final 
object X . With this in mind, the differential and the composition are defined as follows. 
For homogeneous a,b e A, 

(5.3) dia)s„...,s, = d{asp,...,s,) + (-l)^+'sp(a,^_,,...,, J+ 

^^(~1) ^^•'^ ■^aSp,...,Si+lSf,...,Sl + (~1) ^^^ClSp,...,S2J 

i=l 

(5.4) (a • b)s„...,s, = J2{-l)^-'Ksp,...,s,^, -sp... Si+,{bs„...,s,), 

i=0 

where a (resp. b) denote the degree of a (rcsp. b). 

Now suppose that we have a compatible system of morphisms fx'-B^ Ax, x G /, in 
dgalgfc (i.e. sfx = fy for s : x — >• y). Then we have natural morphism f : B ^ A = 
holimj^j, given by the formula 



(5.5) 



f{b)x = fx{b) for xel; 
[/(&).„...,.! =0 forp>0. 
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Now suppose that we have also a functor 1°^ Z^(C-Mod), x — >■ M^^ where C is some 
DG category, and Z°(C-Mod) is the abehan category of right DG C -modules. Then there 
exists a homotopy colimit 

(5.6) M = hocolimjop M^. 
Again, we can write M explicitly as follows: 

(5.7) M{Xf= M,(,^)(X)^+fe0M,(X), XeC. 

si,...,SpeMor(/),p>0, a;e/ 
l{si+i)=r{si) 

For m G M^(^g^^{X) (resp. m G Mx{X) ) we denote by msj„...,si € M{X) (resp. rux G 
M{X) ) the corresponding elements with only one component. Again, it is convenient to 
consider rux to be corresponding to an empty path in 7, with final object x . For a 
homogeneous m, we have that A.eg(msp,...,sC) = deg(m) — p. For a homogeneous msp,...,si, 
we have 

(5.8) d{ms^,...,sr) = d{m)s^,...,sr + (-l)™Sp(m)sp_i,...,si + 

p-i 

^^(~1) "^^ "T'Sp,...,Si+lSi,...,Sl + (~1) ^^'Tlsp^...^52- 

i=l 

Further, for a homogeneous / G Homc(F, X), we have 

(5.9) m,^,...,,,-/ = (-l)P/(m/),^,...,,,. 

Suppose that we have a compatible system of morphisms g : — > N for some DG 
module N (i.e. QxS = gy for s G Hom/(x, y) ). Then we have natural morphism g : M = 
hocolimjop Mx — >■ N, given by the formula 



(5.10) 



girrix) = gx{m) for x € I; 

fimsp,...,si) = forp>0. 

Now, suppose that, with the above notation, we have a system of morphisms of DG 
algebras (px '■ Endc(-Ma;), a; G /, which are compatible in the following sense: 

(5.11) ipx{a){s{m)) = s{ipy{s{a)){m)), a E Ax, m E My, sGHom/(x, y). 
Then we have a natural morphism 

(5.12) = (holimj AxT^ ^ Endc(M) = Endc(hocolimjop M^). 

Explicitly, for homogeneous a e A, msp,...,si G M{X), we have 

p 

(5.13) a(m3„...,. J = 5;(-l)'(f-^+«)(sp . . . 5.+i)(9^.(.,)(a,^,...,,,^ J(m)),„...,,,. 

i=0 
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Now we are ready to formulate and prove our main technical result. 

Lemma 5.2. Let A be a DG algebra, T C L)(^A) a full thick essentially small triangulated 
subcategory. Suppose that I is a small category, {Ax}x&l S dgalg^, and we have a com- 
patible system of morphisms f : A ^ Ax, x G I. Assume that all Ax He in T as right 
DG A -modules, and for any E £ T the natural map 

(5.14) hocolim/op RHom_4(^^., E) ^ E 

is an isomorphism in D(k). Then we have natural commutative diagram in Ho(dgalg;j) : 

A A 

(5.15) 

Aj- — - — > liolimj Ax ■ 

Proof. Choose some set of h-injective -modules which generate T, and denote by D the 
corresponding DG category. Then by our assumptions, we have natural quasi-isomorphism 
of DG V -modules: 

(5.16) hocolim/op }iomy\^{Ax, — ) —5- Hom_4(^, — ). 
Therefore, we have natural isomorphism in Ho(dgalg) : 

(5.17) A'y — R Endx)op (hocolim/op Hom_4(^a;, — )). 
We have natural compatible system of morphisms of DG algebras: 

(5.18) ^x ■■ A"^ Endvop{Romj^{Ax, -))• 
Therefore, as in ()5.12p . we have natural morphism 

(5.19) (f : (holimj Ax)°^ — )• End^op (hocolim/op }iomji^{Ax, — ))• 

Composing it with natural map from End to REnd (in Ho(dgalg;,) ) and (I5.17p . we obtain 
a natural morphism 

(5.20) holim/ Ax At 

in Ho(dgalg). Further, since Ax S 7~, we have natural isomorphisms in D{k) : 

(5.21) Ax -> RHomx,op(Hom^(^a;, -),Hom^(^, -)). 
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To conclude that (|5.20p is an isomorphism, it suffices to note the following chain of isomor- 
phisms in D{k) : 

(5.22) At = REnd2?op(Hom^(^, -)) ^ 

RHomx)op(hocolim/op Hom_4(^^, — ),Hom_4(^, — )) = 

holimj RHomx)(Hom_4(^j;, — ), Hom_4(^, — )) = holimj Ax- 

It is easy to check that the composition (j5.22p is inverse (in D{k) ) to the morphism of 
DG algebras (j5.20p . so we obtain the desired isomorphism in Ho(dgalg). Commutativity of 
(j5.15p is straightforward to check. □ 

5.2. Algebraizable derived categories of formal completions of schemes. Let X 

be a separated Noetherian A; -scheme. Recall that |BvdBj D{X) = D(QCoh(X)), the 
derived category of quasi-coherent sheaves on X, is compactly generated by one object, and 
D{XY = Perf(X). More precisely, they prove this for the category Dgchi^) of complexes 
of Ox -modules with quasi-coherent cohomology, but for X separated the latter category 
is known to be equivalent to L'(QCoh(X)) (see |BvdB) ). 

Now let Y C X a closed subscheme. We would like to define the algebraizable derived 
category DaigiXy). 

Let ly C Ox be ideal sheaf defining Y. Denote hy Yn C X the n-th infinitesimal 
neighborhood of Y, with ideal sheaf ly- Denote by tn,n+i : Yn — )■ Yn+i, in '■ Yn ^ X 
the natural inclusions. Choose some DG enhancements for Perf(X) and Perf(l^), with 
DG enhancements of functors Li*, Lt* (we write the corresponding DG functors in 
the same way), so that we have equalities of DG functors Li* = Li* ^^^Li*_,_j^. Denote by 
RHom(— , — ) the complexes of morphisms in the corresponding DG enhancements. 

Define the DG category Perfa/g(Xy) as follows. Its objects are the same as in Perf(X). 
Further, for S,J^£ Perf(X), we put 

(5.23) Homp^^j^^^^^^^(£:, J") := holim„ RHom(Li;.S, Li* J"). 

Composition are defined in the obvious way (as in the case of homotopy limits of DG 
algebras). Define algebraizable derived category by the formula 

(5.24) D^igiXy) := D{FeTf,ig{Xy)). 
We have an obvious DG functor 

(5.25) K* : Perf(X) ^ Perf,,^(Xy), ) 
and the corresponding functor 

(5.26) Lk* : D{X) ^ DaigiXy). 
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Remark 5.3. In the case when X = Spec (^) is affine, and Y = Spec (A//), we easily 
see that 

(5.27) DaigiXy) ^ D{Aj), 

where Aj = lim„^//" is the I -adic completion of A. The functor k* in this case is just 
the restriction of scalars for the natural morphism A ^ Aj. 

Theorem 5.4. Let X be a separated Noetherian scheme, and Y C X a closed suhscheme. 
Then we have the following commutative diagram: 



(5.28) 



D{X) D{X) 



^^'^^^LhY^^) ^ DalgiXy) 



Proof. We follow notation above the theorem. Choose a generator S Perf(X). Then 
G Perfa/g(Xy) is a compact generator of Daig{XY)- Put 

(5.29) ^:=REnd(J"), ^„ := REnd(L4J"). 

We have obvious morphisms Lt* : An+i An- Hence {An}neN S dgalg^ where we 
treat N as a category: 06(N) = Z>o, HomN(i,j) = for i > j, and there is exactly one 
morphism i — ?■ j for i < j. Further, we have morphisms of DG algebras 

(5.30) Li*^:A^ An, 

which are compatible with Lt* by our assumptions. Further, denote by T C D{A) 
the essential image of -D^g^y(X) under the equivalence 

(5.31) RHom(J^, -) : D{X) D{A). 

By adjunction. An = RHom(J^, /,„*Lt* J^) G T. We claim that the data of A, {An}neN £ 
dgalg^ , T C D{A) and morphisms ()5.30p satisfies the assumptions of Lemma [5121 Indeed, 
by Grothendieck Theorem |Gr) . for any Q G Perf(X), E G {X) we have an isomorphism 
in D{X) : 

(5.32) hocolim„ R^om(i„*Lt;g, E) ^ R?^om(a, E). 

Moreover, since the functor RF commutes with infinite direct sums, we have a chain of 
isomorphisms in D(k) : 

(5.33) hocolim„ RHom(/,„=KL/,* ^, ii^) = hocolim„ RF(R?^om(in*Li* ^, ii^)) = 

RF(hocolim„R^om(i„*L4g,^)) ^ KT {KHomig , E)) ^ ILRom{g,E). 
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Therefore, we have the following isomorphisms: 

(5.34) hocolim„ RHom_4(^„, RHom(J^, E)) = hocolim„ RHom(i„=KLt* J^, E) 

^ RHom(J^, E). 

Hence, the assumptions of Lemma 15.21 are satisfied. Applying it, we obtain the chain of 
equivalences 

(5.35) 5(X)^, ^ D{A)r = D(holim„ .4„) ^ DaigiX). 

coh,Y^ ^ 

The last equivalence follows from the observation that G VexiaigiXy) is a compact 

generator of Daig{X) and 

(5.36) Endp^^f^^^(jf^)(K*(-F)) ^ holim„ A- 

Commutativity of (I5.28P is straightforward. □ 

Corollary 5.5. Let X be a separated Noetherian scheme, and Y C X a closed subscheme. 
Then 

1) The restriction of the functor Lk* : D{X) — >• DaigiXy) to D^cohY^-^) /^^^ ^'^'^ 
faithful; 

2) The functor 

(5.37) Dalg{XY)^Dalg{XY)j,, 

coh^Y^ ' 

is an equivalence. 

Proof. Recall that the category Dy{X) is compactly generated by Perfy(X) C D'^ohvi-^) 
[AJPVj Hence, both 1) and 2) are direct consequences of Theorems 15.41 and 14.11 □ 

We have a nice corollary for completions of regular Noetherian /c -algebras. 

Corollary 5.6. Let R be a regular commutative Noetherian k -algebra, and M S 
Df g {R) = D^^^(Spec R) be a complex of R -modules with finitely generated cohomology. 
Denote by L C R the annihilator of L{'{M), so that V{V7) C Spec R is precisely the 
support of M. Then we have an isomorphism 

(5.38) Rm = Ri, 
where the RHS is the ordinary L -adic completion. 

Proof. By a Theorem of Hopkins [Ho] and Neeman [Neej , all full thick triangulated subcat- 
egories of Perf(i?) = Perf(Spec R) generated by one object are of the form Perf^(Spec R) 
(perfect complexes with cohomology supported on Z) for a closed subset Z C Spec R. 
Further, since R is regular, we have that ^'^^^(Spec R) = Perf(Spec R). It follows that 
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M generates the subcategory -^^^^^ y/^^-) (Spec R) C ^^^^(Spec R). It remains to apply 
Theorem 15.41 □ 

Corollary 5.7. Let R he commutative Noetherian k -algebra, and I G R an ideal. Assume 
that either R or R/I is regular. Then we have an isomorphism 

(5.39) R^n/i) - Ri, 
where the RHS is ordinary I -adic completion. 

Proof. If R is regular, the isomorphism follows from Corollary 15.61 Assume that R/I is 
regular. 

Put X := Spec(i?), and Y := Spec (i?//) C X. We claim that Lj^Oy is a generator 
of L'^Q^y(X). Indeed, generates all objects l^T, T € D^^f^{Y), which generate the 

whole subcategory L'^g^y(X). 

Therefore, the assertion follows from Theorem 15.41 □ 

The following Proposition shows that in the Corollary 15 . 71 one cannot drop the assumption 
of regularity. 

Proposition 5.8. 1) Let R be some commutative algebra over a field k, and M an 
R -module. Denote by R the split square-zero extension of R by M. The following are 
equivalent: 

(i) The map R — )• Rr is an isomorphism in Ho(dgalgfc); 
(a) The following are isomorphisms in D{R) : 

(5.40) M^M"^"^, 



L L 



(5.41) (M®")^^ ^ ((M^)®")^, n > 2. 

Here tensor products are over R and (— )^ = RHom/j(— , i?). 

2) In particular, if R = k[x]/{x'^) and M = k, then the map R — ?■ Rr is not an 
isomorphism. 

Proof. 1) Let A be any DG algebra, and a DC A -module. Then we can treat A as an 
Aoo -algebra, and as a right A^o -module over A. Denote by j4-modoo the DG category 
of right Aoo -modules over A. We put 

(5.42) Bn :=EndA-mod^(Af) = l{Romk{N A'^''', N)[-n]. 

n>0 



Further, we have obvious projection morphism of DG algebras — >• Endfc(A^), hence A" 
is naturally a DG module over B"^. We put 

(5.43) AM:={EndBO.^,.{M)r. 
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Then Am is a DG model for derived double centralizer of M . We have a natural " 
morphism A — )• Am- 

Now put A := R, and N := R. Then DG algebra as a complex can be decomposed 
into the product of complexes: 

(5.44) BM = llCn, 

n>0 

Cn:= Yl Homfc(i?®'i ®M0---0M®E®'"+i,i?)[-/i ln+i-n + 1]. 

Further, the DG algebra Rr as a complex can be decomposed into the product of 
complexes: 

(5.45) AR = llDn, Dn:= J] Homfc(C™, • • • ® ® ii, i?)[-^]. 

n>0 miH \-mi=n, 

m,i>0 

It is straightforward to observe the following isomorphisms in D{k) : 

(5.46) Dq^R, Di^M^^. 

Thus, (i) holds iff the map (I5.40p is an isomorphism, and all the complexes D^, n > 2, 
are acyclic. Further, it is straightforward to show by induction on m > 2 that the following 
are equivalent: 

(iii) the map (I5.40p and (I5.4ip for 2 < n < m are isomorphisms; 

(iv) the map (j5.40p is an isomorphism and the complexes D„, 2 < n < m, are acyclic. 
This proves part 1) of Proposition. 

2) We claim that in the case R = A;[x]/(x^) and M = k the map 

(5.47) (M MY^ (Af^ ®R M^Y 

is not an isomorphism. Indeed, we have isomorphisms in D{R) : 

(5.48) (M^^jM)^^ ^0A:[n], (M^ M^)^ ^ fc[-n]. 

n>0 n>0 

Therefore, according to 1), the map R ^ Rr is not an isomorphism. Proposition is 
proved. □ 

6. Beilinson-Parshin adeles and categorical formal completions. 

Let X be a separated Noetherian k -scheme of finite Crull dimension d. 
We first recall reduced Beilinson-Parshin adeles of X \Be\ IP] . Denote by P{X) the set 
of all schematic points of X. Put 

(6.1) SiX);^'^ := {{rjo, . . . , r?p) : r/^ G P{X),r], / G for 1 < i < p} 



FORMAL COMPLETION OF A CATEGORY ALONG A SUBCATEGORY 21 
For T C S{X)p, p > 0, and r? G P(X), put 

(6.2) := {(r/i, . . . , G S{X)p^i : {tj,^, ■ ■ ■ ,Vp) T} C 

Also, for r] G -P(^), denote by jrj : Spec(C'^) — X the natural map. Denote by m^^ C Orj 
the unique maximal ideal. 

For each subset T C S{X)p, < p < d = dimX, we will define a functor 

(6.3) At{X, -) : QCoh(X) ^ A:-Mod, 

exact and commuting with infinite direct sums (hence commuting with small colimits). 
Since each quasi-coherent sheaf is a union of its coherent subsheaves, it suffices to define 
the functor At{X, — ) for coherent sheaves. 

We define these functors by induction on p. For p = 0, T C S{X)q = P{X), and 
T G Coh{X), we put 

(6.4) ATiX,T):=llT^. 

With above said, this defines uniquely the functor ()6.3p for p = 0. It is easy to check that 
it is exact and commutes with small colimits. 

Now let T C S{X)p, p > 0. Suppose that all the functors A'r^{X,—) are already 
defined. For T G Coh(X), put 

(6.5) At{X,T):= H \\mAT^{j^,{F^/m^^)). 

This defines uniquely the functor ()6.3p for all T C P{X), p > 0, and by induction we see 
that AxiX, — ) is exact and commutes with small colimits. 
For d > ko > ■ ■ ■ > kp > 0, we put 

(6.6) S{X),^ko,...,kp) ■= {{Vo, . . . , ??p) G S{X)p : dim??- = fc^ for < i < p}. 
Further, put 

(6.7) A{X,-)p ■.= As^x)M,-), A(X,-)(fc„,...,,^) := As^x),,^_^jX,-). 
Clearly, we have 

(6.8) MX,-)p= n HX,-)(ko,...,k,)- 

d>kQ>--->kp>0 

It is easy to see that for all T C S{X)p, the A; -module At{X,Ox) is naturally a 
commutative /c -algebra. Further, for all quasi-coherent J-' the A; -module At{X,J^) is 
naturally an At(X, Ox) -module. For convenience, we put 

(6.9) A{X)p := A{X, Ox)p, A{X)^ko,...,kp) ■= A(X, Ox){fco,...,fcp)- 
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To formulate main result of this section, we would like to use the following notation. If 
F : Ti ^ T2 is a functor between compactly generated triangulated categories, and S C 
7i is an essentially small Karoubian complete triangulated subcategory (resp. localizing 
subcategory), then we put 

(6.10) f2s ■■= f2(^(s)), ( rep. T2/S := T2/{FiS))), 

where {F{S)) is subcategory classically generated by F{S) (resp. smallest localizing sub- 
category containing F{S)). 

Denote by F)^coh<p^-^) ^ ^coh(-^) ^^^^ subcategory consisting of complexes, for 
which the dimension of support of cohomology is not greater than p. Further, Denote by 
D<,p{X) C D{X) the smallest localizing subcategory, which contains F)^coh <ki-^) • 
clear that D<,k{X) is compactly generated by Perf<fc(X) = Perf(X) n D'^^^^ ^^(X). 

Theorem 6.1. Let X be a separated Noetherian k -scheme of dimension d. Fix some 
sequence d > ko > ■ ■ ■ > kp > 0. If p = 0, then we have a commutative diagram, 

D{X) D{X) 

(6.11) A(^'-){feo)| 

Z)(A(X)(,„)) p(X)/S^_i)(X))^, 

coh,< kQ 

For p > 0, there is a natural commutative diagram 

Z)(A(X)(fc^,...,,^)) D(A(X)(,,,...,fc^)) 

(6-12) 1 

D{A{X)^,^_k,)) (Z)(A(X)(,^,...X^D<(fc„_i)(X))^, 

coh,< kQ 

Proof. First we prove (j6.1ip . 
Lemma 6.2. 1) The functor 

(6.13) D{X)<ko ^ DiX)<ko, F^ jr,.{Fr,), 

is the projection onto the right orthogonal to D^(^j^^^_i-j{X). In particular, it induces a fully 
faithful embedding of D{X)^k^J D^(^j^^_i^{X) into D{X). 

2) The images of F ^ D\^^—{X) in D{X)/D^^ko-i)iX)i where % € 5(X)(fc^), gener- 
ate the essential image of F)^coh <kQ^-^) • 

3) If r]i,r]2 G S{X)(^k^^), r]i / r/2, and Fi G ^^^^-(X) for z = 1,2, then we have 

(6-14) Hom^(x)/D<(,^_,)(x) (-^1,-^2) = 0. 
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Proof. 1) By adjunction, for any rj £ and G D{X)<^ko 'we have that jn*{J^ri) is 

right orthogonal to D(X)^^f.g_iy It remains to note that the cone of the natural morphism 

(6.15) J^eD{XUko, 

r)e5(X)(feg) 

lies in D<(^k^^^{X). 

2) We have that D^^^^^^iX) is itself generated by e S{X)^ko)- This 
implies 2). 

3) follow from 1) easily. □ 

Let E £ Perf(X) be a generator. Put A := RHom£)(x)/Z)<(fcg_i)(X)(-^i -^). Let T C 
D{A) (resp. %] C D{A) , G S'(X)(fcy) ) be the subcategory classically generated by the 
image of D'^ohKko^-^^ (resp. D^cohr])- Then, bv Lemma 16.21 and Proposition 14.21 we have 
that 

(6.16) At= n ^r,- 

Fix some rj G S{X)^^^^-^ and put Y := rj. We claim that At,^ = REnd^ (-E'r?)- This can 
be shown as follows. Denote by 1; the infinitesimal neighborhoods of y, ii :Yi ^ X the 
inclusions, and j^^i : Spec (Ory/mJ^) — t- X natural morphisms. Put Ai := REnd(Lj* ^E'). 
Then {^/l^g^ G dgalg^ ^, and we have a compatible system of morphisms A ^ Ai. 
Further, there are isomorphisms 

(6.17) Ai ^ RHom^(^)(i?,j^,,,Lj;,S) ^ nYloxnD(x)/D^^,^_,){x){E,iul^i*iE) in D{A). 
For each J-" G D^^^^^ y (^); ^6 have the following chain of isomorphisms: 

(6.18) hocolim,RHom^(^/,RHom£,(x)/D<(fe,,_i){x)(-£^,-^)) = 
hocolim;RHom£,(x)/D<{fcj,_i){x)(^z*L/,^£;, J") = hocolim/ RHom£,(x)(i/*Li^£;, j^*(J"^)) = 

RHom£,(jf)(£;, j,,*(J"^)) = RHom£,(x)/D<(fej,_i){x)(-E^,-^). 

Hence, by Lemma 15.21 we have 

(6.19) At^ ^ holim/ REnd(Lj* ^E) ^ REndg_^(^,,). 
According to (I6.16p . we have that 

(6.20) At= n REnd(5^(^^). 

'7eS'(x){fc(,) 
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Further, since E Perf(C^) generate each other in uniformly bounded number of 

steps, we have Morita equivalence 

(6.21) D{ II REndg^(^,))-D( J] O,). 
Further, by definition, Yl = ^{^)(ko)- Hence, we have equivalences 

ri&S{X)(kf,) 

(6.22) {D{X)/dZ^^_,^{X))^, - D{Ar) = I)(A(X)(,,)), 

coh,<.kQ 

and commutativity of ()6.1ip is straightforward. 

Now we prove ()6.12p . We have the morphisms of algebras 

(6.23) gr, : A{X)^ku...,kp) ^ H^, jn*Or,)(^k,,...,kp), V S 5(^)(fco)- 
Note that we have the following isomorphisms of functors 

(6.24) A(X,i^,(-))(fc^,...,fc^) ^ gr^.{HX,3n*0,^)(k,,...,k,) «>o, -), 

(6.25) L5;A(X,-)(fc^,„„,^) - A(X,i^,0,)(fc^,...,,^) ^o, Lj;(-). 

Lemma 6.3. 1) If F e D<(fe(,_i)(X), Q G Z)<fe(,(X), and r/ G S'(X)(fcp), i/ien 

(6.26) HomA(x)(,^„.„fe^)(A(X, J-)(fcj^...^fc^),A(X,j^*g^)(fc^^...^fc^)) = 0. 

2) The objects A(X, J")(fcj^...^fc^), where T G Z)^^^_(X), r?o G 5'(X)(fcg), generate the 
essential image of £'co/i,<feo(^) ^'^ -C)(A(X)(fcj^...^fcp))/i:»<(fc„_i)(X). 

3) If r/i,r/2 G S'(X)(fc„), r/i / r/2, and J'j G D^^f^—{X) for i = 1,2, then we have 

(6.27) HomB(A(x)(,^,.,.,,^))/D<(,„_i)(X)(A(X,^i)(fc^,...,fc^),A(X, J-2)(fc^,...,fc^)) = 0. 
Proof. 1) We have the following chain of isomorphisms 

(6.28) HomA(x)(,^,.,..,^)(A(X,^)(fc^,...,fe^),A(X,j,,g)(,^,...,fc^))^ 

L 

HomA(x)(fe^,.,.,fep)(A(X, J')(fe^_...^fcp),5(^*(A(X, j^*C'^)(fc^^...^fc^) (g)c)^ G^)) ^ 

L 

HomA(Xj^,o^)^^^_ _^^j(L5;A(X,^)(fcj,..._fc^),A(X,i^*0^)(fc^,...,fc^) Qv) - 

L 

HomA(Xj,,o,)(fe^„.„,^)(A(X,j^,0^)(fc^,...,fc^) Lj*{J^), 

L 

A(X, j^*0^)(fc^_,„_fc^) (g)ci^ g^) = 0, 

since = 0. 

2) This is evident, as in Lemma 16.21 2). 



FORMAL COMPLETION OF A CATEGORY ALONG A SUBCATEGORY 
3) Using 1) and the chain ()6.28p . we see that 



25 



(6.29) Homo(A(x)(fe^,.,.,,^))/D<(,„_i)(x)(A(X,^i)(fc^,...,fc^),A(X,J-2)(fc,,...,fc^)) ^ 

^Om^x)^k^^...,kp)(^(^^^'^\ku...,kp),H^Jm*^2ri2){kj_,...,kp)) = 

L 

L 

H^Jri2*On2){ki,...,kp) ®Or,^ -^2*72) = 0' 
since 'Lj^^{Fi) =0. □ 

For convenience put B := IlEndD(A{x)^k^^,„^,,^^)/D^^,,^_^){x){HX){ki,...,kp))- Let T C 
D{13) (resp. 7^ C D{13) , rj £ ) be the subcategory classically generated by 

the image of D'^oh Kko^-^") ('^esp. D^cohrj)- Then, by Lemma [6.31 and Proposition 14.21 we 
have that 

(6.30) Bt= n ^r,. 

Fix some rj € S{X)^j,^^y We claim that Bj-^ = lim„A(X,j^^,(C'^/m^))(;jj ^p). This can 
be shown as follows. Put ^„ := A(X, j^4C'^/m;)^))(fc^ ..^fc^). Then {^„}„gN G dgalg^"'', and 
we have a compatible system of morphisms B — > Bn- Denote by grj,n • ^i-^){ki,...,kp) ^Bn 
the natural map. Put Y := rj. Denote by Yj the infinitesimal neighborhoods of Y, and 
Li : Yi ^ X the inclusions. We have natural isomorphisms 

(6.31) Bn = RHomA(x)„^,...,,^)(A(X)(fc,,...,fc^),5,,„*(A(X,jV,,(0,/m:;))(fc,,...,fe^))) ^ 
RHom^(A(x)(fc^,...,fe^))/D<(fcg_i)(X)(A(^)(fci,...,fcp),5»7,n*(A(X,j^^(0^/m;^))(fc^^..._^^ - 

RHomB(A(x)(,^,...,,^))/D<(,^_i)(X)(A(X)(fe„...,fc^),A(X,i„,OyJ(fc^,...,fc^)) in D{B). 
Further, denote by 

(6.32) ^ : D{AiX)^k^,...,kp)) ^ D{X) 
the functor which is right adjoint to A{X, —)[ki,...,kp)- 
Lemma 6.4. Let J" G D^^i^yi^)- Then 

(6.33) ^A{X,j^,T^)^k^_kp)) e Dy{X). 

Proof. We may assume that = luJ^' for some object J^' G L)^^^(y). Denote by vr : 
A(X)(;ti,...,fcp) ~^ A(y)(fcj^ ^fc^) the natural projection, and let 

(6.34) ^ : D{AiY)^,^_kp)) ^ DiY) 
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be right adjoint to A{Y, —)(ki,...,kp)- Note the isomorphism of functors 

(6.35) L7r*A(X,-)(,,,...,,^) - A{Y,LLU-))(ku...M- 
We have the following chain of isomorphisms: 

(6.36) <l>{AiX,jr,,J^r,)ik„...,k,)) = HMAiY,J^' kir]))ik„...,k,))) = 

iu^{A{Y,J^' (^k{r]))^k^,...,k,)) G DyiX). 
This proves Lemma. □ 
Now, for each object T G -Dco/i y(^) have 

(6.37) hocolim„ RHomg(S„, 

RHomB(A{x)(,^,.,.,,^))/D<(,^_i){x)(A(X)(fc^,..„fc^),A(X,^)(fc^,...,fc^))) ^ 
hocolim„RHom£,(A(x)(fe^„.„fep))/D<(fe„_i)(x)(A(X, Ln*OYj(kr,...,kp),A{X,T)(^ki,...,kp)) = 
hocolim„RHomA(x)(fc^„.„fep)(A(X, in*OYj(ku...,kp), A{X, j^*{J='n)){ki,...,kp)) = 

hocolim„ R Hom£,(x) {in* Oy^ , ^ (A(X, j^^^ (-?>,)) (fc^ )) . 
By Lemma l6.4( the last object of D{k) is isomorphic to 

(6.38) KBomDix)iOx,HAiX,j^,{Tr,))ik„...,k,))) = 

IlRom^x)(^^^^,„^^:^^{H^){k^,...,kp),H^,jv*i^^))(ki,...,kp)) = 

RHomB(A(x)(fe^„.„fcp))/D<(fe^_i){x)(A(X)(fc,^...^fcp),A(X,J^)(fc^^,„_fcp)). 

Therefore, by Lemma 15.21 we have that 

(6.39) Br, = holim„B„ ^ lim A(X, j^,(0^/m;))(fc,,...,fc^). 
According to (I6.30p . we have 

(6.40) Br= n lim A(X,i^,(0,/m;))(fc,,...,,^) - A{X)^,^_,^y 
Hence, we have equivalences 

(6.41) (D(A(X)(,,,...X^D<(fc„_i)(X))^, - DiBr) = I)(A(X)(,,,.,.,fc^)), 

coh,<. k.Q 

and commutativity of (I6.12P is straightforward to check. □ 
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